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ABSTRACT
Kemer has shown that the standard identity s, implies some Capelli identity d,,..
We prove that m is bounded above by a subexponential function of n.

In [1] Kemer shows that every (associative, characteristic zero) algebra which
satisfies a standard identity s, must also satisfy some Capelli identity d... Let

k(n) = the least integer such that dy ., is a consequence of s..

The function k(n) is not discussed explicitly in [1], although it is not difficult to
show from the proof of Theorem 1 that, for n even,

k(n)é((g)z+l)".

In this paper we show that k(n) is a subexponential function: if m = the least

integer = log,(3n — 1), then
2 m
k(n)§<[—2'-’] +1> .

Our proof involves only a small modification of Kemer’s.

Since m X m matrices satisfy s but not d.:, k(2m)= m’+1. We do not
know whether k(n) is bounded above by any polynomial.

We keep the notation of [1}:

NoTATION. (a) S, = Z,es, (— 1) Xo1* * * Xom. I, = the T-ideal generated by s,..
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(B) dun(x,. .., X} Yiseo s Yma1) = Zoes, (— 1) X1 Y1X02Y2 " * * Ym-1Xom. Vi = the
T-ideal generated by d, together with all polynomials gotten from d, by
formally setting some subset of the y’s equal to 1.

(c) G =the F-algebra generated by yi,y,,..., e, e,,... with relations yuy; +
yiuy; =0 for all u.

(d) W, =the set of words of length m in eje,.... If w,,...,w, E
W, 81,...,8.-1€ G and o € S,, then

Wo181Wo282"" " 8n-1Won = EW181Wa o * G 1Wh1,

where ¢ =1 if m is even and ¢ =(—1)" if m is odd.

(e) T, =the ideal of G generated by W,.

(f) If A is a T-ideal, then A (G)is the set of evaluations of A on G. Note that
W.. and hence T, is contained in I,(G).

We also recall

LemmA (Kemer). Let A be a T-ideal. Then A contains V,, if and only if
TTC A(G).

Following Kemer we take n = 2r to be even. Now the proof of his theorem 1
can be modfied to yield:

LeEMMA. Let h,(xi,...,x,) be the polynomial Z.,cs X, "' -x,,, and let
X1y. 00y Xt (S WmG
(D) If m is odd, then

h(xi,..., %)%+ € Tom + L(G).
(2) If m is even, then

B (X1, .. %)% 01 € Tomer + L(G).

Proor. (1) Let x; =wg, w,EW,, i=1,...,r+1, and calculate

h,(xl, ey x,)x,+1 = 2 Wo18o1" " WorBorWr+18r+1

ag€ES,

2 (‘_ l)awlgdl Tt Wi Wri 1841
o ES,

2 (_ 1)‘7(_ 1)7“’11801 * 0 WeBorWrr18r+1
a,TES,

1
=5 Sa (Wi, 81, - -« 5 Wr, & )Wri1g+1 + an element of T,
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(2) Let x; = w,g, where w. € W,, ., & ET\G, i =1,...,r+1 and proceed as
in (1).

ReMARK. If n =2r +1 is odd the lemma is still true: one need only consider
Se (Wi, 81, -+ s Wiy & Woi)&+ Instead of s, (Wi, g1,..., W, & )Wrr18n1-

COROLLARY. If m is even, then Ty C Ton + L(G) and if m is odd then
T C Tams + L(G).

ProoF. By Razmyslov’s version of the Nagata-Higman theorem [2], if an
algebra satisfies h,(x,,...,x,) then it must be nilpotent of index r*. So

X, * x2 = linear combination of terms of the form u,h, (u., . . ., U1ty 12,

where the u’s are (possibly empty) words in the x’s. Multiplying both sides on
the right by x,2., shows that if an algebra satisfies h.(xi,...,x,)x,., then it is
nilpotent of index r*+1.

Applying this to the previous lemma yields that (W,,G) ™" is contained in the
appropriate ideal, and so T, also is.

In light of this corollary we define
DEFINITION.  Let f be the integer function given by f(1)=1 and

2f(m) if m is odd,
flm+1)= {

2f(m)—1 if m is even.

It is easy to show by induction that TV"™"" C Ty, + L.(G). Since T, C I, if
f(m)=n then TV""" C I(G) or

ProposiTioN. If f(m)=n and k =(r’+1)", then T{C1, ie., s, implies
d('2+1)"‘~

To calculate f(m) we first remark that

4f(m)—2 if m is even,

ﬂm+D={
Af(m)—1 if m is odd.

It is now a straightforward calculation using the theory of linear recursion that

2" +2)  m even,
f(m)= {
2" +1)  m odd.
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THEOREM. Let m be an integer such that m Zlog(2n —1) and k = (r’ +1)™.
Then s, implies the Capelli identity d..

REMARK. It is not known whether s, implies d.. in arbitrary characteristic.
Our proof will hold in a slightly weaker form in characteristic = n!. The
Nagata-Higman theorem is known for characteristic = n!, but it is not clear
whether Razmyslov’s bound of n® will still hold in this case.
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